INDEFINITE INTEGRATION [JEE ADVANCED PREVIOUS YEAR SOLVED PAPER|

JEE ADVANCED

Single Correct Answer Type

Cﬂ33 X + EGES X

1. The value of the integral_[ — —— dxis
sin“ x + sin” x

sin x— 6 tan”' (sinx) + C
sinx—2(sinx) '+ C
sinx—2(sinx) '=6tan”' (sinx)+ C
:-:inJc—I.J'.(:u.'in.:r:)'1 +51tan” (sinx)+C
(II'T-JEE 1995)

o F P

x? =1 ;
7 _[ - ——— dx is equal to
x’ JZ.:‘ - 2x° +1

Y2t - 2% +1
a. - -

IJ

C

4 2
b. JZI 2x° + 1 N

X

2x* - 2x% +1
c.\{'r a +C

2
X

&

4 p) g
. var' - 24 #1

: C (IITJEE 2006)
2X
3. Letfix)= —— forn>2and g(x) = (fofo ...of )(x).
(1 L ) }ur:s:ur;ntjmt;
Then [x"~? g(x) dx equals
|
L
a. : (I+nx") "+ K
nin-1)

l..._
b o (1+nx") "+ K
R—1

n(n+1)

d. ——(+m") "+K (IIT-JEE 2007)
n
4. Let I=| 2 dx,J = | e Then
e+ e ¥ +e? 1]

for an arbitrary C, the value of J - / equals

4x _ _la
a. %lng(f £ +l]+£‘

.
e 441

2x X
b. llng 31 +e +1 +C
2 e —e'+1

Get More Learning Materials Here : &

2 e +e* +1

4x 2x
d. llng e4 +.er1 +1 L
2 e —e"+1

2x X
. llng[" e+1J+C

(IIT-JEE 2008)

2
sec” x
(secx + tanx)’ °

arbitrary constant K)

S. The integral J dx equals (for some

a. - l T {l —l(secx+tan.r)1}+K
(secx+tanx) '~ (11 7

1 1 1 2
b. (mx+mnx)””{”—§(secx+tau_r] }+K

1 11 ,
c. - +—(secx+tanx) ; + K
(secx+tanx}l”z[|l 7( ) }

1 1 1 2
d. (Sc“_kmnr]w:{”+?(sec:+tanx) }+K

(ITT-JEE 2012)

Assertion-Reasoning Type

1. Let F(x) be an indefinite integral of sin’x.

Statement 1: The function F(x) satisfies F(x + ) = F(x)

for all real x.

Statement 2: sin:"(.t + 1) = sin’x for all real x.

a. Statement | 1s true, statement 2 is true; statement 2 1s
the correct explanation for statement 1.

b. Statement | is true, statement 2 is true; statement 2 is
NOT the correct explanation for statement 1.

¢. Statement | is true, statement 2 is false.

d. Statement | is false, statement 2 is true.

(IT-JEE 2007)
Fill in the Blanks Type
4 X -X
1. J Erirpe dx = Ax + B log (9¢™ — 4) + C, then
Q¢* —4¢™*
A= ,B=——— C=——— . (IIT-JEE 1990)
Subjective Type
1. Evaluate [——> 4« (IIT-JEE 1978)
SIN X —-—C0S X
II
2. Evaluate J = dx. (IIT-JEE 1979)
(a+bx)”
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3. Evaluate the following integrals: |

) 11.
. X x*
a. l+sin| — |dx b. dx
".J ( 2 ) ‘[ Vi—x
(IIT-JEE 1980)
4. Evaluate j(ﬂl[IPE *+ sin x) cos x dk. (ITT-JEE 1981) s
(x=1) e
5. Evaluate | — dx. (IIT-JEE 1983)
(x +1) 13.
dx
6. Evaluate |—; — (IIT-JEE 1984)
x (.r +1)
14.
7. Evaluate / J_ (ITT-JEE 1985)
. - -1
8. Evaluate [-—— =" I‘de. (IIT-JEE 1986)
sin™! Vx +cos”' Vx 16.
Jcos 2.1'
9. Evaluate | (IIT-JEE 1987) 17.

sin x

10. Evaluate Jl(«,ftan x + ../cut x ) dx.

JEE Advanced
Single Correct Answer Type
1. ¢.- 2. d. 3. a 4. c. - T
Assertion—Reasoning Type
1. d

Fill in the Blanks Type

1. A=-3/2,B= g—g C can have any real value.

Subjective Type
1. —log|sinx—cosx|+ > +C
2 2
2 1| bx — 2al b a C
« 2 |la+ bx—-2alogla + bx| - +
b3 - gl l a+bx

Get More Learning Materials Here:

(IIT-JEE 1989)

Evaluate I

i ] +lﬂ(l+€/;)a&
Vx+¥x x4 Vx

(IIT-JEE 1992)

Evaluate I cos26 ln(cos& kaing Jdﬂ.

cos@ —sin@
(IIT-JEE 1994)

1
Evaluate | = . (IIT-JEE 1996)
x(1+ xe*)
Evaluate I—J l_v!; (IIT-JEE 1997)
1+ J_
3
+
Evaluate j X tixtd dx. (IIT-JEE 1999)

(x* +1)*(x+1)

2x+2
Jax? +8x+13

Evaluate for, me N,

Evaluate Isin"[ ]dx. (IIT-JEE 2001)

™+ x™)2x*™ +3x™ +6)'™d x,x>0.
(IIT-JEE 2002)

_[(.1"1'"' + x°

Answer Key

3.
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a. t4[sm - cus +C
4 4

[ (1 — \3/2 _ 2
(1-x)"" 2(1-x) + =
5 3

b. -2 +C

. l
. XSINX+COSX— Ecus 2x+ C

EI

+C
(x +1)?

1 1/4
X

2 Jl=x +cos! x+\/;1/!—.r +C

2 x-2 -(1-29sin'Vx]-x+C
n

1 2y% 42 -
-lﬂg|y+\/y2+ll-7—5—lﬂg‘/y 4

JZyl +2+y




where cot’x = | +1?
d x2+1 3

l s X
10. ﬁsin"(sinx—cusx}+€ 15. 4lug (x + 1) +5tan X+ 1 4 x2 +C
: sinf@ +cosf 1
1 e 3(2 -1 2
12. sin26 ]n\jcns&—sin 0> In [sec 26| +C 16. -2-{5(.1: + 1)tan 1[3(.:: - l)] ~ log \/4x2+ 8x + 13}+C
l + xe® l ] (m +1)/m

13. -lo - + C _ 2,3m 4 3, 2m m

E[ - J e 17 ﬁ(m-i-l)( xT+3x77" +6x ) +C

p— -

1+l -x
14. -4 | log ~cos'Jx [+C

Vx
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Hints and Solutions
JEE Advanced

Single Correct Answer Type

CDFr} + CUSS X

1. c. LetI=J — —— dx
sin“ x + sin” x

J-{cﬂsz x+cos" x) cos X i
sin x (1 + sin® x)

dx

:J-[] — sin? x + (1 - sin? x)*] cos x
sin’ x (1 + sin’ X)

_ (2 - 3sin® x +sin* x) cos x e
sin® x (1 + sin® x)

Putsinx=rorcosx dx=dt

;I=Iz-y2+ﬁ

dt
4+ 12

=r—%—6tan-l (+C

=sinx—2(sinx) ' —6tan”' (sinx)+ C

f(x)
[1 + f(.l']"]”"

= X
{I 3: ZIH)HI

3.a. Here f(f(x))=

X
(l + 3IH )”H

fOACf(x)))=

X

=  g(x)=(fofo...of )(x)=

numes (1+ nx” }”"
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Hence, 7 =/x""? g(x)dx
) 1 dx
o I (1+ mn)h’n
n®x"dx
(] +mn)i!n

d "
(I+n.r )I!n

1 -2

I=n(n_l}(l+nx ) "+ K

e (eh -1)

T

dx

4::.ij

-I 4: ﬂl) dz (where z =¢")
A +5+1

§.c. I= dx
I (secx +tanx)’ *

Letsecx +tanx =1
s.secx—tanx = |/t

Now, (sec x tan x + sec’x)dx = dt
or sec x(sec x + tan x)dx = dt

dr 1 1
or sec xdx = —, —(r+ ]=5ecx

P 2 t
Hl)
dt
_I Y
- %j[r-911+;~1312)df
=l r—9f2+l+r-i3f2+l K
Noolui =iop]
2 2
=l !-wz+r—mz K
2 7 _U
L 2 2 .
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1 1
{-—+ (secx +tan x)”
11 7

Assertion-Reasoning Type

l—cns 2x

I.d. F(x)=]sin’ xdx=| dx

= F(x)=z(2x—sin 2x)+c¢

Since F(x + m) # F(x)
Hence, statement | is false.

But statement 2 is true as sin’

Fill in the Blanks Type

. We have_l.% +Z” dx=Ax+ BlIn (9¢™-4)+ C
E —

Differentiating both sides w.r.t. x, we get

1 —x 2x x
4e” + 6e — A4 18:39 - A lBBe-
O¢* —4e " Q¢ * - 4 9¢* —4e "

or 4e* + 6e " _(9A + 18 B)e* — 4Ae™"
Qe* —4e " Oe* —4e” "

or94 + 18B=4,-4A4=6

2?] I _ 35

2 /18 36

nr.nl——31’2,3=[4+

C can have any real value.

Subjective Type

1. /= J‘ sin X

sin x — EDSI

j‘ 2sinXx
Slﬂ X — COS I

dx

jSIT.I X+ COS X + Sin X — COSX
Sin X — COSX

]

jc?5x+ 5mx¢ix+—l~jdx
Sin x — COS X 2

1 : X
—-lng|51nx~—cusx|+§-+c

¢ xPdx
I=| .
(a + bx)

Leta+bx=rnrx=(:;a]

ek

x is periodic with period 7.
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dt

ordx=—
b
1 ¢t? - 2at+a’
.-.f=b3j R
l 2a a°
S | D
b’ [ { r"']

i 2
- f-—2alug|:|—=‘i—]+(’.‘

l ] 2
=— |a+bx—2alogla+bx|- = +C
b a+ bx

X

= ij(sin 2 + cus£] clx
4 4

[—cus x/4 sinx/4
= + +
1/4 1/4

b. 1=j

Let 1 —x=1r*ordx=—2tdt

22
.-.1=J'“ r’) (-2 1) dt
=—2J'(r“—2f3+l}dr

5 3
| LI
53

_ \S/2 232
v ol ;-1 _2(l ;) X *"*1-.:]+c

-

4. I(e"“ﬂ‘ + sin x) cos x dx

= |(x + sin x) cos x dx

- |
=-xcusx+5 I sin 2x dx

=x sinx-jsinxdr + %(- cuzs ZI] +C

: l
=xsmx+cns.r—3c:n521+C

Alternative Method:
[ (e'®* + sin x)cos xdx
= [(x + sin x)cos xdx
= J(x + sin x)(1 + cos x — 1)dx

= ,'(.t + sin x)(1 + cos x)dx — I(x + sin x)dx
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[Using e

3. a. _[JHsin(%]dr = I sin® §+ cos” % + 2 sin z COS E dx

log x

- 2 2
(x +sin x) X
= ——+cosx+C
2 2
2 2

x>+ 2xsin x+sin’x x
= - +cosx+C
2 2
_ 2xsin x+sin’ x

2
l—cos2x

+cosx+C

+cosx+C

=xsin x +

cos 2x
+cosx+C

=xsin x —

(x=1)e*
5. I= dx
I(I+I)3

=J'(.‘.t‘:+l—2]+|53’Jlr
(x + 1)’

=I' S
_Ll::+l}2 (x +1)°

dx

=.[ I 7t 1 7| € dx
(x+1) (x+1)
= e 1+C
(x+1)
6. Lot Ju—er— = o= dx .
T x II(I+L)
4
X
l -4
Putl+——4=rur—5—ctr=drﬂré5=-£
X X X 4
| =i = e
'-'!=J' Y7 B +C
4 4 :4_3””
1/4
=_I]4+C=_(I+_l:) +C
X

I

2-2sin 6/2 cos /2 cos 6d6

_J' sin@/2
cos 0/2

= —ZI(I - cos 8) cos 8d6

= — ZI{cus 6 - cos’ @) d6

=-2j(msa-”“’529]de

2

=
paal
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2 1+ 2+ )
= 1—x+3[ms‘~f;+~ﬂﬂ]+c =— L #y+2 z - 1
2 ﬁ (v +2)J-yi+l
[Using sin 6=Jl—-_,x :
=-2 1—x+cu5"'J;+J;J:+C =—lng|y+\[y_-l‘ll+2!, )
8 Lm=j5i“-l x-cow Vx m—-—" (y*+2c)# ¥+
' sin™! Vx +cos™! Vx
We know that Puty*—“} ordy = _g
sin”! Jx + cos™ Vx = m2 (1) &
Also, cos™ Vx = w2 —sin”' Vx (2) oI = I 1 7 |
Using equations (1) and (2), we get (F+2] ;f+l

sin”' Jx —(}T."Z —sin”" \G] B t di
- /2 “ —_J(H 202) £ +1

2 -
—;I{Zsm x = &i2)ox Nowlet?+1=2
=ijsin" xdr—_[ldx Iurrdr=zdz
T o J i _[ zdz
. I--
Let x = sin® @ or dx = 2 sin O cos 8d 6 (1+2(31—1])2
_4 s =] " . = = tiz
-;j in  (sin @) 2 sin Bcos 8dO—-x+ C J.Zz"'-—l
4. L[
—;I951n26d9—1+6 2‘[22_1
2
21[-9{:{}529 +lecﬂ529dﬂ]—x+c |
n 2 2 l 3-72-
[Integrating by parts] =35 log I
I+75
=i|:—9c0529+5m29]_x+c
1 2 4 I+l 1
| T A
= 4 [—Zsin'lJ;(]—Zx}+2x/;1ll—x]-x+c =*"_]ﬂg"_y___+c
4xnr 22 1 |
=l
2 4 75
= Zfx-x - (1-20)sin Vx]-x+C
n
e - log V2yi+2-yl
9. 1= Lk AP 227 |\2p 424y
sin x
3 1 2y° +2 -
Jcns‘x—sinzx - x'=—14t:-g[y+ﬁyi+l|—:7=-l1l::l+g---—y2 . C,
=J * dx 2 1/2_}' +2+y
Sin X y) 2
wherecot“x=1+y
=JIqutlx—ldx
10. I(Jtan.r +,,/cntx)dr
2 _
Put cot ;w~-l—:;'2 =J»s’mx+t:«::n5x{t|r
urcutzx=l+,1 ; m
or—2cotxcosec” xdx =2ydy ;
:\Ejsm,r+cusxdr
or dx = Yy Jsin 2x

J1+32 2+ )
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_ \/i_[ Sin x + CoSs x e
| - (sinx —cos x)*

{
= ﬁjh,whem:=siu—cnm

2sin”'t+C

= Jis'm"(s'mx -cosx)+C

- f[&lf l"(lw)]

Let / = IU;+fdr IJJ:% (1)

J'l

¢ 1
I

Let x = y'* 50 that dx = 12 " dy

a = 12y ~dy=

ey l+y

—IZJ.(P —y° +y —y*+)? =y° +y- I+—1-]¢iy
+1

— -.v+lnsly+l|] +C

=_§_xm 12 X2 4 92 _ 12 sn2 o1

_ 45 4 ﬁrna_ 12x"2 + 12 log | x'/? + 1) +C, (2)

In(1+ x'®
h=| )

I3+xII

dx

Let x = z° so that dx = 62° d=

= [0 o5 4

EI'I'E

=J623 In(z+1)
z+1

dz

Putz+1=rordz=dt

133
!2=J-6(!' I]] h”dl

=6 _[[r’ - 3t+ 3 - l}lnfd:
{

=6!:I(rz -3t +3) Inz dt - J'l In/ dr]
!

T3 2 3 2 2]
=6l| L3 .5 In— | v | P .10 )
3 2 3 2 { 2

(3 2 3 2
6| [ 223 e 223 5, | (0D +C (3)
3 2 9 4 2
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12. Let IcusZB ln[

13. f=j

Thus, we get the value of / on substituting the values of / , and
I, from equations (2) and (3) in equation (1).

cos 6 +s'm9 40
cosf —sin@

_ ln( cos@+sinf

cosf -sinﬂ) JcnsZH 9K

__[ (sin 26)(cos@-sind) 2
2(sin® + cos8) (cos@ —sin6)’

_sin20, ( cos@ +sinf
2 cos@ —sin@

isin 26)

I, = d
! I(sin9+cnsﬂ) (—sin@ +cosH) .

_ J' sin 20
cos 26

d9=%ln|sec231

. I =sin 26 In 51n9+c?sﬁ -llnisec 20|+C
cos@ -sin@ 2

(x+1)
x (1 + xe*)?

i e (x+1)

xe* (1+ xe*)?

Put | + xe* =1 or (xe* + ¢") dx = dt

Ij dt
(t-11¢
= -[[1_—; + - r - —]dr (using partial fractions)
=—Ing||—f|+|ﬂg|f|—%+c
t 1
=—l0g —| ==+E
gl—r {
z_lﬂgl+xe ~ ] ‘C
- xe" | + xe*
=-Iﬂg[l+if ]_ i x+C
xe |+ xe

14. Putx=cos” Qordx=—2 cos Osin 8d0

J- _[ | —cos @ = — 2 cos@ sin 8 46 i
I+J_ l1+cos@ cos’ @
. 6 . 0 2]
sin — 4sIn — cos —
=_j_2_ 2 2 .0
cos?  cosé
dlsin"':E
| 2. d6
cos 6
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| —cos 6 I 3 I . I
= de =—log|x +1|+—tan x——log|x+1|
I cos 6 M 2 2 ¥
+tan”' x + s +C
=-4j{sec6-l)d& | + x
1 403 x
=i - = - | ~|+—tan x+ -+ C
4[log|secO+tanB|-0]+C 4 OB (x +1)2 T,
_ — .
= -4 |log :}=+ "J_I -cns'l\E +C x4+ 2
RRCANE i TR T . - P
) - \j4x“+8x+13
N1 -
=—-4|log ' L ~cos”' Jx [+ C
! Vx A =_[sin" - . dx
3 ,/(2x+2)3+33
X" 4+3x+2
1S. I{II +l]1{x+”dt [Pu12x+2=3lﬂﬂ 89r2dr=3secz 9&"9]
=J‘”‘r,+”.,+2{“+”dx =J5,m._1(3tan 9]; wPaan
(x> + 1) (x+1) 3secH )2
X dx 3 5
= = dex + 2 > = — =
'I’(.l';'f‘l}[I'!'i] J{I2+]}- EIBSEC 0de
. 3
-l E - —— |+ 2 = 161an 6 - [tan 66}
2(x+1) 2(x+1) (x*+1)
3
. h.,d.r+l_[ g | o + ,2 — dx =E{ﬂlﬂﬂ9—lﬂgliﬂ€9|} tC
471+ x° 27241 T2x+1) T(xT+1)
1 3 1 | ' 7\
=Zlng1.r'+ll+513"'I-Elﬂ31-’f+]|+3! =§42I+2mn"(21+2}—lug ]+[21+2] s +C
2 3 3
where!=j ,dr —. Putx =tan 0 or dx = sec” 8d6. Then h
(2% 1y 3 (2 il 2 2
=Z {Z(x+Dtan"'| =(x+1) —lng\fdix +8x+13; +C
/ ZJ' Sﬂlﬂdﬂ 2 (3 3
(1 +tan” 8)° . e
_ 17. 1=[ (™ +x2" +2™) (2677 +32" +6)  dx
= | cos® 8 d@
- im 2mi m L/'m
-] +cos 26 =J - {I)(ZIIM +3x” +f'*)fr dxdx
- 5 dﬂ X
: 5 mi-'m
- [9 i 2 9] L = I (,r"""" + x-m +x"’"] (2.1'3'" +3x°™ +6x dx
2 2
Let 2" +3x2™+ 6x™ =1 or dt = 6m(x™™ e x2 N  dx
I tan 6
=5[9+I+tan16‘]+c -
.'..’=J‘;“’"£= L +C
=-l—t.aln_ljr*‘-l 2 _ 1€ 6m ﬁm_l-+l
., 2 1+ x° m

. Given integral
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|
6(m+1)

]

(2.1'3”’ +3x°" +6x" )im i

+

cucnrcne €9
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